
V.2 Poincaré Duality

Let M be a n-dimensional manifold (without boundary), R-orientable. (R :
PID, if M is non-orientable over Z, take R = Z/2.)
If M is compact, we will show the following isomorphism,

Hq(M)
P.D.
∼=

// Hn−q(M)

If M is not compact, the above duality as stated is not true. For instance,

M = R ⇒ H1(R) = 0, H0(R) = Z

In this case, the correct duality is

Hq
c (M) ∼= Hn−q(M)

where Hq
c (M) is cohomology with compact support.

������ � �� 	�
� M = R1 ������������ �������! " #%$& ')(*�+),.-/ 
�10 �� 1-cochain Dx, x ∈ R �� �325467)89;:=<?>@BA � .
D(x)(e) := H(e(1))−H(e(0))


DCFE ,HG5I H ∈ S0(R) JK LNMPOQSR� H(y) = Hx(y) =

{
1 y ≥ x
0 y < x

���UTV :=< ��WXZY5[�]\^ _ 0-

cochain +), ��� . `acb �edgf� Dx = δH +), ��� . h ��i)� G5I Dx JK L cocycle +), ��� .jk?lnmo Dx = δH +),qprts@ H1(R)
��� G5I JK L {Dx} = 0 +), ��� . `aub �1v � , H w � compact

support
�� � ')(x�y ,{z (|~}r prts@ H1

c (R)
��� G5I JK L {Dx} 6= 0 +), ��� . � ����������� D JK L H0(R) $&

H1
c (R) � � +), TV duality isomorphism �� � induce lnmo ��� .

1. Hq
c (X)

Let X be a space and J = {Kcompact ⊂ X} with K ≤ K ′ (if K ⊂ K ′) be a
directed set.
Then {Hq(X,X − K), iK′K = i∗ : Hq(X,X − K) → Hq(X,X − K ′) where
i : (X,X −K) ↪→ (X,X −K ′)} is a direct system.

Define
Hq
c (X) = lim−→

K

Hq(X,X −K)

Note. Since homology commutes with direct limit1, if we let

S∗c (X) = lim−→
K

S∗(X,X −K),

1 ������������ 8.Cor 1.
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then Hq
c (X) is q-th homology of S∗c (X).

Recall Sq(X,X − K) is a collection of cochains in Sq(X) which vanish on
Sq(X −K).

2. f : X → Y w � -/ 
� Y��� �� ����� ,
Note that f(X −K) * Y − f(K).
If f is proper, i.e. f−1(compact) =compact. Then ∀Lcompact ⊂ Y

f : X − f−1(L)→ Y − L.

So f induces

f ∗ : Hq(Y − L)→ Hq(X − f−1(L))→ Hq
c (X)

And f ∗ induces

”f ∗” : Hq
c (Y ) = lim−→

L

Hq(Y, Y − L)→ Hq
c (X)

3. Let K be a compact subset of an R-orientable manifold M .
Recall Hn(M,M −K) ∼= ΓK(∼= Rk, k =number of components of K.)
Let ζK ∈ ΓK be a restriction of an orientation of M(as a section) on K.

ζK : ”fundamental class of Hn(M,M −K)”

(If M is compact ζK = i∗(ζM), ζM : fundamental class of M)
Consider

ζK∩: Hq(M,M −K)→ Hn−q(M)
a 7→ ζK ∩ a

If K ⊂ K ′,
Hq(M,M −K)

²²

ζK∩

))SSSSSSSSSSSSSS

Hq(M,M −K ′)

²²

ζK′∩ // Hn−q(M)

Hq
c (M)

∃!D

55

IV.3 cup and cap product
TV

9 �D�� ���BTV?� � 
DC��� � 8  7)89¢¡=£¤ +), commute
� �¦¥§ h ��i)� G5I

D w � induce \^ _ ��� . +), ��� D w �.¨n� s@ duality homomorphism +), ��� .
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4. ©«ª¬®�¯ [Poincaré duality] Let M be an R-orientable n-manifold. Then

D : Hq
c (M)→ Hn−q(M)

is an isomorphism.

Y5[�±° , �� �³²"µ´.¶5·� � � E , ��¸� � 
DC¹d ���º�» ���� " # TV Lemma
�� �³²"µ´.¶5·� lnmo ��� .

Lemma 1. (MV) If theorem holds for open sets U , V and U∩V , then theorem
holds for U ∪ V .¼½¿¾ÁÀ«Â¬ Let Kcompact ⊂ U , Lcompact ⊂ V , B = U ∩ V , Y = U ∪ V .

U V

K L

Consider cohomology MV-sequence for triple (Y, Y −K,Y − L):

H(Y, Y −K ∪ L) H(Y, Y −K)⊕H(Y, Y − L)oo

o‖ excision

H(Y, Y −K ∩ L)
o‖ excision

oo

H(U,U −K)⊕H(V, V − L) H(B,B −K ∩ L)

and homology sequence for a pair (U, V )

H(B) // H(U)⊕H(V ) // H(Y )

Lemma JK L ���! " # TV key diagram }rÃs@ÅÄ/cÆ »ÈÇÉÊ 
�e0 �� ��� .

Hq+1(B,B −K ∩ L)

ζK∩L∩

²²
(3)

Hq(Y, Y −K ∪ L)δ∗oo

ζK∪L∩

²²
(2)

Hq(U,U −K)⊕Hq(V, V − L)oo

ζK∩⊕ζL∩

²²
(1)

Hq(B,B −K ∩ L)oo

ζK∩L∩

²²
Hn−q−1(B) Hn−q(Y )

∂∗oo Hn−q(U)⊕Hn−q(V )oo Hn−q(B)oo

Claim. �� diagram
��� G5I (1),(2) ËÌ Í commute

� �Î¥§ (3) ËÌ Í up to sign }rÃs@ com-
mute lnmo ��� .
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�� Claim �� �Ï²"µ´.¶5·� � �Î¥§ key diagram
���

direct limit �� �ÑÐÒ¸� � dgf� ���! " #%$& ')(* ��� .2
Hq+1
c (B)

D∼=

²²
±ª

Hq
c (Y )oo

D

²²
ª

Hq
c (U)⊕Hq

c (V )oo

D⊕D∼=

²²
ª

Hq
c (B)oo

D∼=

²²
Hn−q−1(B) Hn−q(Y )oo Hn−q(U)⊕Hn−q(V )oo Hn−q(B)oo

+), diagram ��� G5I commute up to sign +), i)�qÓk 5-lemma JK L 
DCÎÔgÕ�{Ö ,Ø×ÚÙ�ÜÛ)ÝÞ � � prÃs@
5-lemma

���ßTVà� � 
DCàáâäã{� � JK L ��WX $& �� � ÇÉÊ JK L ��� .
h �åi)� G5I Claim æ)çè ²"µ´.¶5·� � � dgf� \^ _ ��� .
V -part of (1) Commutes (U -part

Ók é ,=êë ì � �níïî ):
Hq(V, V − L)

²² ª(Want)

Hq(Y, Y −K ∩ L)oo
∼=

excisionttiiiiiiii

Hq(V, V −K ∩ L)

²²

55kkkkkkk ∼=

excision
// Hq(B,B −K ∩ L)

iiSSSSSSS

²²

Hn−q(V )

kkkkkkk
kkkkkkk

Hn−q(V ) Hn−q(B)oo

iiSSSSSSS

�� diagram
��� G5I v �åð � y , dgf� �� 	 +),ßñk~ò� commute MPOQ ËÌ Í óô¿õ íïî³ö÷ ø ����{ù�úû R� ü�ý� ��� .

( þÿ � dgf� $& � ������ dgf� ËÌ Í Y5[� TV ���uTVà� � 
DC , �	�
 dgf� �� 	 ËÌ Í inclusion $& cap product w � com-
mute lnmo ��� JK L � ������ ���ßTVà� � 
DC commute lnmo ��� .) h ��i)� G5I (1) ËÌ Í commute lnmo ��� .
U -part of (2) commutes (V -part

Ók � ����� w � y , ):
Hq(Y, Y −K ∪ L)

²² ª(Want)

Hq(Y, Y −K)oo
∼=

excisionvvlllllll

²²

Hq(U,U −K)

iiTTTTTTT

²²

Hn−q(Y ) Hn−q(Y )

Hn−q(U)

66lllllll
iiSSSSSSS

� ����� w � y , s@ v ��ð � y , dgf� �� 	 +),Sñk ò� commute MPOQ �� � z (� R� ü�ý� ¥§ h ��i)� G5I (2) w � com-
mute lnmo ��� .

2 ���������� Y ����	�� �� �� compact set  � K ∪ L ��"!# $&%')(+*-,.*-/.01324 5768:9<;>=?�@�ABDCE �	�FHG * . (Exercise)
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(3) commutes up to sign :���! " # diagram �� � 2 I"µ´ }rÃs@ JK L ¥§ δ, ∂ �� �NM/ Y.OP � � dgf� áâäã�� � JK L ��WX $& �� � ÇÉÊ JK L ��� . Ä/RQS
JK L (−1)q æ)çèUTë VXW � +),ZY 8  �� � ö÷ ø ����{ù�úû R� ü�ý� ��� .(Exercise)

0 Sq(Y, Y −K ∪ L)oo

ζ∩

²²

Sq(Y, Y −K)⊕ Sq(Y, Y − L)

i]⊕i]

²²

oo Sq(Y, Y −K ∩ L)oo

ζ∩

²²

excision
∼=

((QQQQQQQQQQQQQQQ 0oo

Sq(U,U −K)⊕ Sq(V, V − L)

ζ∩⊕ζ∩

²²

Sq(B,B −K ∩ L)

ζ∩

²²
Sn−q(Y ) Sn−q(U)⊕ Sn−q(V )

i]⊕i] //
i]⊕i]oo Sn−q(Y ) Sn−q(B)

i]oo

Lemma 2.
Let {Ui} be a system of open sets totally ordered by inclusion and let U = ∪Ui.
If theorem is true for each Ui, then true for U .

¼½¿¾ÁÀ«Â¬ By the iterated limit argument proved earlier( z ([U\-]X 9),H q
c (U) = lim

−→
Hq
c (Ui)

and the corollary of 8( z ([U\-]X ) implies Hn−q(U) = lim
−→

Hn−q(Ui). Then by using

the fact 5( z ([U\-]X ), we can easily check the lemma. See the following diagram.

Hq
c (Ui)

Di

∼=
//

²²

Hn−q(Ui)

²²
...

²²

...

²²

Hq
c (U) D

∼=
// Hn−q(U)

Lemma 3.
Theorem holds for U open ⊂ Rn.

¼½¿¾ÁÀ«Â¬
Step 1 U is convex (so that U ∼= Rn) :
Let Bn = B(0, r), n-ball ⊂ Rn. Then
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Hq(Rn,Rn −B)
ζB∩

∼=
//

²²

Hn−q(Rn)

...

²²

Hq
c (Rn)

∃!D
∼=

99

Show ζB∩ : Hq(Rn,Rn − B) ∼= Hn−q(Rn) : If q 6= n, then both are 0 and if
q = n, then consider as follows.
Note that Hn(Rn,Rn − B) ∼= Hom(Hn(Rn,Rn − B), R). Let ζ̄ be a dual of
ζB. Then Hn(Rn,Rn − B) =< ζ̄ >. Furthermore, (ζB ∩ ζ̄ , 1) = (ζB, ζ̄ ∪ 1) =
(ζB, ζ̄) = 1⇒ ζB∩ is an isomorphism.
Combining the fact {B(0, r)|r ∈ R} is cofinal in J = {K cpt. ⊂ Rn}, it is clear
D : Hq

c (Rn) = lim
−→
B

Hq(Rn,Rn −B) ∼= Hn−q(Rn).

Step 2 U is a finite union of convex open sets.
Induction on the number of convex open sets and apply lemma 2.

Ui

Ui+1

U1 Ui+1 ∩ (U1 ∪ · · · ∪ Ui) = (Ui+1 ∩ U1) ∪ · · · ∪
(Ui+1 ∩ Ui) is a union of i convex sets and
holds by the induction hypothesis.

Step 3 U : arbitrary open set in Rn.

Let W = {
◦

B(x, r)|x ∈ U with rational coordinate and
◦

B ⊂ U, r ∈ Q} =
{W1,W2, · · · } and let U1 = W1, · · · , Un = W1 ∪ · · · ∪ Wn, · · · and clearly

U =
∞
∪
n=1

Un. Now apply lemma 2.

Proof of Thoerem
U = {U open ⊂ M |Theorem holds forU} : partially ordered set with inclusion.
By lemma 2 and lemma 3, U satisfies the hypothesis of Zorn’s lemma. Then
there exists a maximal element U ∈ U .

For any coordinate neighborhood V , theorem holds for V and V ∩U by lemma
3. Then theorem holds for V ∪ U by lemma 1 and V ⊂ U by maximality.
Hence U = M .
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Consequences and applications

5. ^`_ba½ c ©«ª¬��¯ (1) Let Mn be connected and R-orientable. Then Hn
c (M) ∼= R.

(2) LetMn be closed and orientable. ⇒

{
βq = βn−q βi = i− th Betti Number

Tq ∼= Tn−q−1 Ti = torsion part of Hi(M,Z)
(3) Let Mn be closed and orientable. Then Hn−1(M,Z) is free abelian.
(4) Let M 2k+1 be closed (and orientable). Then χ(M) = 0.¼½¿¾ÁÀ«Â¬
(1) Hn

c (M) ∼= H0(M) ∼= R.
(2) Note that if M is compact, then H∗(M) is finitely generated.��ed �� poincaré duality

���~TV :=< G5I Hq(M) ∼= Hn−q(M) ü�ýf �� � g çè ��� . `a ° , ¥§ the
universal coefficient theorem

��� TV :=< G5I Hq(M) = Hom(Hq(M),Z)
⊕

Ext(Hq−1;Z).+),+h>i Hom(Hq(M),Z) �� � 2546 7)89;:=<!>@BA � .Hq(M)
���

Hom-functor
�� � ÐÒß� � dgf� Hq(M)

TV
free part æ)çè Y 8  ¥§ torsion part JK L �kjl 
�10 �� ��� . +), ��mn ËÌ Í ∀d(6= 0)

���po+q :=< G5I Z/d →
Z JK L 0 rtsu ��� �kjl E , ���wvx L +), ��� . y �� o+q s@ Hq−1(M)

���
Ext

�� � ÐÒ¸� � dgf� Hq−1(M)
TV

free
part JK L �kjl 
� y , ¥§ torsion part æ)çè +),zY 8  JK L ��� . h ��i)� G5I , βn−q = βq +), ¥§ Tn−q =
Ext(Hq−1(M),Z) = Tq−1 +),�×ÚÙ�®Û)ÝÞ�lnmo ��� .
Remark If M is compact, H∗(M) is finitely generated.( v �|{}�~ ��� ²"µ´Z¶5·� )
(3) Clear from (2)
(4) χ(M) =

∑
(−1)qβq = 0

6. Intersection pairing
Let M be a closed, connected and orientable manifold with R: P.I.D. and
fundamental class ζ.
Consider

I : Hn−q(M)
⊗

Hq(M)
∪
→ Hn(M)

<ζ, >
→
∼=

Z(orR)
a⊗ b 7→ a ∪ b

If a is a torsion element, i.e. ra = 0 for some r 6= 0,
0 = ra ∪ b = r(a ∪ b)⇒< ζ, a ∪ b >= 0.
Similarly for b.

Hence I induces ”I” : Hn−q(M)/T n−q
⊗

Hq(M)/T q ”∪”
→ Z(orR).

This pairing is non-degenerate,i.e., I(∀α, β) = 0⇒ β = 0 and I(α,∀β) = 0⇒
α = 0.¼½¿¾ÁÀ«Â¬
Consider
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Hn−q(M)
⊗

Hq(M)
∪ //

ζ∩⊗id. ∼=²²

Hn(M)
<ζ, >

∼=
//

ζ∩ ∼=²²

Z(orR)
=²²

Hq(M)
⊗

Hq(M) ∩ //

< ,> 55
H0(M)

∼=

< ,1>
// Z(orR)

a⊗ b
Â //

_
²²

a ∪ b
Â //

_
²²

< ζ, a ∪ b >
_
=²²

(ζ ∩ a)⊗ b Â //

º < ,> 33
(ζ∩a) ∩ b

Â // < (ζ ∩ a) ∩ b, 1 > (=< ζ ∩ a, b >)

This induces
Hn−q(M)/T

⊗
Hq(M)/T //

²²

Z(orR)
=²²

Hq(M)/T
⊗

Hq(M)/T // Z(orR)

Let α = {a}, β = {b}, a ∈ Hn−q(M), b ∈ Hq(M) and b torsion free. And
suppose

0 = I(∀α, β) =< ζ,∀a ∪ b >=< ζ ∩ ∀a, b >

Since, Hq(M) ∼= Hom(Hq(M),Z)
⊕

Ext(Hq−1(M),Z)= Torsion free part
⊕

Torsion part, b = b
′

⊕ b
′′

⇒ b = b
′

.
Hence 0 =< ζ∩∀a, b >=< ζ∩∀a, b

′

>⇒ b
′

= 0⇒ b = 0, since ζ∩∀a represents
every elements in Hq(M) by Poincaré duality and b

′

∈ Hom(Hq(M),Z). Hence
b = b

′

= 0 and β = 0.

Remark
If we consider with a field coefficient R, Tor =0 and have a non-degenerate
pairing for a R-orientable manifold M ,

I : Hn−q(M ;R)
⊗

Hq(M ;R)→ R
a⊗ b 7→< ζ, a ∪ b >

Remark
If R = R, then I(a, b) =

∫
M
a ∧ b.

^`_�a½ c ©«ª¬��¯ Let M4k+2 be closed and orientable. Then
(1) dim H2k+1(M ;R) = even.
(2) χ(M ;R) = even.
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¼½¿¾ÁÀ«Â¬
I : H2k+1(M ;R)

⊗
H2k+1(M ;R)→ R is non-degenerate and note that I(a, b) =

−I(b, a). Now (1) follows from the following fact :
Fact If I is a skew-symmetric bilinear form (2-form), then there exists a basis
e = {e1, · · · , en} such that I can be represented as




(
0 1
−1 0

)
0

. . .

0

(
0 1
−1 0

) 0

0 0




where I(ei, ej) = aij.
Proof of fact
Choose x1 ∈ Rn such that I(x1, y) 6= 0 for some y. Let y1 be such that
I(x1, y1) = 1. Consider θ : Rn → R2 given by θ(x) = (I(x, x1), I(x, y1). Then
θ(x1) = (0, 1) and θ(y1) = (−1, 0). Clearly ker θ = Rn−2 and repeat this
process until I becomes trivial.
(2) follows from (1) immediately

Remark We will show later that χ(M) = χ(M ;R).

7. (Cohomology ring of projective spaces)
M = CP n

Recall : Hq(Z, Y ) ∼= Hq(X,A), Z = X ∪
f
Y

⇒ Hq(CP n,CP n−1) ∼= Hq(D2n, S2n−1) =

{
Z , if q = 2n
0 , otherwise

}

Long exact sequence of pair (CP n,CP n−1)

⇒ Hq(CP n)
i∗

→ Hq(CP n−1) is ∼= for q ≤ 2n− 2.

Consider CP 2 first :

H2(CP 2)
i∗:∼= // H2(CP 1)

let

< ”a” > // < a >oo

Poincaré Duality :< a >= H2(CP 2)
ζ∩:∼=
−→ H2(CP 2)
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⇒ ζ∩a genererates H2(CP 2)
⇒ ±1 =< ζ∩a, a >=< ζ, a ∪ a >=< ζ, a2 >
⇒ a2 generates H4(CP 2)

Similarly let M = CP 3,
then H2(CP 3) =< a > and H4(CP 3) ∼= H4(CP 2) =< a2 >= Z

Poincaré Duality : H4(CP 3)
ζ∩:∼=
−→ H2(CP 3)

⇒ ζ ∩ a2 generates H2(CP 3)
⇒ ±1 =< ζ ∩ a2, a >=< ζ, a3 >
⇒ a3 is a generator of H6.

...
Inductively we can conclude as follows.

©«ª¬��¯ . H∗(CP n) is a ring generated by a ∈ H2(CP n) with an+1 = 0, i.e., trun-
cated polynomial ring( or algebra) generated by a of degree 2 with height n+1.

�� ����� 24. Show the same thing for H∗(HP n,Z) and H∗(RP n,Z/2).(n =∞ ���X��� Ók � ����� w � y , )
8. ^`_�a½ c ©«ª¬��¯ Suppose f : P n → Pm , n > m. Then f ∗q = 0 for q > 0.¼½¿¾ÁÀ«Â¬ f ∗ : H∗(Pm) → H∗(P n) (Use Z/2-coefficient for RP n) is a ring homo-
morphism, where H∗(Pm) =< a|am+1 = 0 > and H∗(P n) =< b|bn+1 = 0 > .
⇒ 0 = f ∗(am+1) = (f ∗(a))m+1

⇒ f ∗(a) = rb = 0
⇒ f ∗ ≡ 0 except at 0-dimension.

^`_�a½ c ©«ª¬��¯ Pm is not a retract of P n if n > m.¼½¿¾ÁÀ«Â¬ If Pm
i

À
r

P n with r · i = id, then i∗ · r∗ = id and r∗ is 1-1. Then this is a

contradiction.(∵ r∗ = 0)

9. (Borsuk-Ulam)
(1) n > m ≥ 0,@ anti-pode preserving map g s.t. g(−x) = −g(x), ∀x ∈ Sn.
(2)n ≥ k, f : Sn → Rk ⇒ ∃x ∈ Sn s.t. f(x) = f(−x)

10



¼½¿¾ÁÀ«Â¬ (1) : Suppose g is anti-pode preserving. ⇒

Sn
g //

p

²²

Sm

p

²²
P n

f̃
<<

f // Pm

Claim. f∗ : π1(P
n)→ π1(P

m) is 0 : m = 1 : f∗ : Z2 → Z : clear
m > 1 : f ∗ = 0(∗ 6= 0)

Z/2 π1(P
n)

f∗ //

χ:∼=
²²

π1(P
m)

χ:∼=
²²

Z/2

Z/2 H1(P
n)

f∗=H1(f) // H1(P
m) Z/2

Since f ∗ = 0 on H1 ⇒ f∗ = 0 on H1 and hence on π1.

∴ ∃f̃ : a lifting of f ⇒ f̃ · p and g: two liftings of f · p
⇒ f̃ ·p = g. But f̃ ·p 6= g since g is 1 to 1 while f̃ ·p is 2 to 1 on each fiber p−1(x).

(2) Suppose not. Then let g(x) = f(x)−f(−x)
|f(x)−f(−x)|

and apply (1).

^`_�a½ c ©«ª¬��¯ [Ham sandwich Theorem]
Let A1, · · · , An be bounded measurable subsets of Rn. Then ∃ a hyperplane
that bisects each of Ai.¼½¿¾ÁÀ«Â¬ Let N be the north pole of Sn ⊂ Rn+1. Then each x ∈ Sn determines a
unique hyperplane in Rn+1 passing through N and perpendicular to x. This
hyperplane divides Sn into two parts and consider the part containing x. The
image of this part under stereographic projection is a half space of Rn and
denote it by Hx.
Let fi(x) be the measure of Ai ∩Hx. Then note that fi(−x) is the measure of
Ai ∩H

c
x. Now let f : Sn → Rn be given by x 7→ (f1(x), · · · , fn(x)).

Apply Bolsuk-Ulam theorem to get x ∈ Sn s.t. f(x) = f(−x).

10. ANR (Absolute Neighborhood Retract) and AR (Absolute Retract)

Xnormal is AR if

∀Y normal
∃f̄ :extension of f // X

Bclosed

∪

OO
f

66nnnnnnnnnnnnnnnn
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e.g. Tietz extension theorem⇒ In: AR.

Xnormal is ANR if

∀Y normal ∃U open
⊃

oo ∃f̄ :extension of f// X

Bclosed

∪

OO
f

33gggggggggggggggggggggggggggg

⊂
88qqqqqqqqqqqq

e.g. Sn : ANR. (Consider Sn ⊂ Dn+1: AR and let U = f̄−1(D − 0))

Theorem A. Every paracompact manifold is an ANR.
Reference: �	�� 26 � �� 17.6 for compact case.

2.7 of Munkres, Elementary Differential Topology.

Theorem B. Every paracompact n-manifold can be embedded in R2n+1 as a
closed subset.
Reference: p.315 of Munkres, a first course Topology or also the above book
of Munkres.

^`_�a½ c ©«ª¬��¯ M : a compact manifold ⇒ H∗(M) is finitely generated.¼½¿¾ÁÀ«Â¬ Thm B. ⇒M ⊂ RN

Thm A. ⇒ ∃U a neighborhood of M in RN and ∃ a retraction r : U →M .
Choose a finite simplicial complex K s.t. M ⊂ |K| ⊂ U so that r| : |K| →M
gives a retraction.
KnowH∗(|K|) is finitely generated (using simplicial homology or CW-homology)

and H∗(M)
i∗→ H∗(|K|)

r∗→ H∗(M) and r∗ · i∗ = id
⇒ r∗ is onto. ⇒ H∗(M) is finitely generated.
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